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Abstract
Binary free shear layers are frequently used as a model to study the stability of ﬂows relevant in propulsion devices. The stability
behaviour of binary, compressible mixing layer have been investigated and reported in the literature by many research groups and
detailed description of the stability characteristics and ﬂow topology have been published. The stability of more complex free
shear layers, such as mixing layers modiﬁed by jets and wakes, has received less attention and a smaller number of references
report on the stability characteristics of such ﬂows. The availability of advanced numerical techniques as well as computational
power nowadays allow the study of complex ﬂows by direct numerical simulation. The present investigation is an extension of
previous work on the stability of complex free shear ﬂows where besides growth rates, wave numbers and frequencies, the ﬂow
topology resulting from the interaction of mixing layers, jets and wakes are investigated. The results show that, depending on
the jet or wake strength relative to the mixing layer fast and slow stream velocities, the characteristic Kelvin-Helmholtz vortices
may be enhanced and a more complex vortex distribution topology results. These vorticity distributions have a signiﬁcant eﬀect
on the mixture between diﬀerent species on the upper and lower stream and the mixing layer to jet species ratio. The eﬀect of
three-dimensional disturbances with spanwise wavenumber β  0 are also considered and the most ampliﬁed modes are determined
for a low convective mach number condition. Diﬀerent combinations of hydrogen and oxygen on the mixing layer and jets are
considered. For that study the base ﬂow is determined from a parabolic, variable properties boundary layer code. The results show
that oblique disturbances are more stable than two-dimensional disturbances but with diﬀerent strength depending on the particular
binary free shear layer considered.
c© 2014 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering).
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1. Introduction
Combustion on propulsive systems rely on proper mixing between reactants, which in turn is strongly aﬀected by
turbulence. The stability analysis of binary free shear layers provide insight into the characteristics of the mixing
process as well as frequencies, wave numbers, phase and group velocities. There are a number of studies on the
stability of binary mixing layer as a model for the mixing of fuel and oxidizer1,2,3,4,5,6,7 as well as stability studies on
more complex free shear ﬂows8,9,10,11,12,13,14. Most of the studies on more complex free shear ﬂows investigate the
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nature of the instability of mixing layers modiﬁed by wakes and jets, but unlike the simple mixing layer, jets or wakes,
the topology and vorticity distribution of composed mixing layer modiﬁed by a jet or a wake has not been reported
in the literature. The present investigation is an extension of8 where linear stability analysis were performed. In the
present research direct numerical simulation is used to investigate the vortical structures initial stage of development
and vorticity distribution.
In order to arrive at reliable results direct numerical simulation require the use of low dissipation and low dispersion
numerical schemes15, which is achieved in the present investigation by the use of 6th order compact schemes and a 4th
order Runge-Kutta time integration scheme. DNS also requires careful attention to the imposition of non-reﬂective
boundary conditions when the physical domain is truncated into a computational domain. There are many alternatives
for the speciﬁcation of non-reﬂective boundary conditions16. The boundary conditions based on the method of char-
acteristics are analytically more complex to derive and apply, and not always result in better performance for complex
ﬂows. Other techniques are based on an asymptotic approximation17, which not always have an analytic solution. A
third option is based on a dumping zone surrounding the domain of interest, where disturbances are brought to zero
by diﬀerent means. The dumping zone techniques include the perfectly matched layer18,19,20, the buﬀer zone21 and
the energy transfer annihilation (ETA) technique22.
Most of the stability analysis presented in the literature consider hyperbolic tangent velocity and species distribu-
tions for mixing layers and hyperbolic secant jets and wakes. It was shown by8 that the base ﬂow velocity, temperature
and mass fraction proﬁles are far from the canonical hyperbolic tangent and hyperbolic secant proﬁles with temper-
ature given by the Crocco-Busemann relation. The present investigation also investigates the eﬀect of disturbance
three-dimensionality on the stability of free shear layers using linear stability theory (LST) and a base ﬂow based on
the solution of the compressible binary boundary layer equations.
2. Formulation
The nonlinear Euler equations are written in matrix form as in19, where a base ﬂow U is considered known and
the resulting equations for the disturbances are derived. The dependent variables have been nondimensionalized by
the fast stream properties where the velocity scale is the fast stream speed of sound. These equations are discretized
using a 6th order compact scheme for the spatial derivatives and a 4th order Runge-Kutta scheme for time marching.
Details of the PML, ETA and buﬀer zone boundary conditions for these equations are presented in18,22,23.
Besides the DNS simulations of the Euler equations linear stability normal mode solutions are also considered
for the binary mixing layer. For the stability analysis the instantaneous ﬂow variables are decomposed on a base
component and a disturbance. For the base ﬂow the Navier-Stokes equations for compressible ﬂow of a binary gas
mixture with boundary layer approximation are the continuity, x momentum, y momentum, energy, mass fraction
and perfect gas equation of state written in non-dimensional form8. The equations were non-dimensionalized using
the fast stream properties as reference scales resulting in the non-dimensional Reynolds, Prandtl and Lewis numbers.
The nondimensional mixture properties vary across the mixing layer according to the species concentration. The
equation of state is used to calculate the density as a function of the mixture temperature T and mass fractions s1
and s2. The boundary conditions for velocity, temperature, density and mass fraction are 1 at the fast stream side and
Uratio = U2/U1, Tratio = T2/T1, ρratio = ρ2/ρ1 and sratio = s2/s1 at the slow stream side.
For free shear layers, inviscid instability is considered and the disturbance equations are derived from the Euler
equations. Assuming normal modes solution on a parallel base ﬂow and applying the arrangement proposed by
Gropenguisser24, the inviscid stability equations result in the following
χ =
iαpˆ
γ1Ma21vˆ
,
dχ
dy
=
α2 (u¯ − ω/α)
RT
− χ
[
χG + (du¯/dy)
(u¯ − ω/α)
]
, (1)
with decaying disturbances away from the shear layer region as boundary conditions.
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3. Results
Both direct numerical simulation results and linear stability results based on the compressible Rayleigh equations
are considered. The DNS results consider mixing layers modiﬁed by jets and wakes of a homogeneous species across
the shear layer. The LST results consider binary mixing layers three-dimensional disturbances.
3.1. DNS Results
Figures 1 and 2 shows the velocity and temperature distributions for the three cases considered in this preliminary
results, a mixing layer, a mixing layer modiﬁed by a jet and a mixing layer modiﬁed by a wake. Figure 3 show
the growth rate versus frequency for the three cases for a certain range of frequencies. Both the wake and the jet
destabilize the mixing layer.
Fig. 1. base ﬂow velocity. Fig. 2. base ﬂow temperature. Fig. 3. Growth rates.
Figure 4 show the corresponding vorticity distribution for the fastest growing modes of the cases shown previously
in Figs. 1, 2 and 3. It shows that the jet results in higher vorticity, but does not change signiﬁcantly the structure of
the vortices. On the other hand, the wake changes the regular Kelvin-Helmholtz vortices. The typical Karman vortex
street of a wake proﬁle does not form, but the mixing layer plus wake develops into a more complex pattern. This
pattern may be stronger with increasing wake component. The more complex pattern of the mixing layer plus wake
ﬂow results in the stronger instability ampliﬁcation rates presented in Fig. 3 which should have a signiﬁcant impact
on the mixing between reactants.
3.2. LST Results
The typical base ﬂow proﬁles for density, velocity, temperature and mass fraction are presented in Figs 5 through
8 for a O2/H2 mixing layer, a O2 mixing layer with a H2 jet and a O2 mixing layer with a wake after marching from
the initial position x0 to a position downstrem 2x0. The temperature variations are all due to viscous dissipation. The
density varies both with temperature and mass fraction. The wake and jet component velocities are mild as shown in
Fig 6. The lighter ﬂuid (H2) on the slow side has higher viscous and heat difusivities which results in velocity and
temperature distributions that are shifted downwards as already observed in3. Figure 9 show a comparison between
the velocity proﬁles of the O2 O2 and the O2 H2 mixing layers. Due to viscous diﬀusivity, mass diﬀusivity the and
density diﬀerences, the O2 stream diﬀuses to and accelerates the lower ﬂuid resulting in a weaker velocity gradient
in the shear layer, which will have a direct consequence in terms of stability results. Figure 10 shows that the O2 jet
retains its momentum better than the H−2 jet, which also will result in diﬀerent stability characteristics between the
two jets.
Figures 11 through 15 show curves of ampliﬁcation rate versus frequencies for a range of spanwise wavenumbers.
For the three base ﬂow considered (mixing layer, mixing layer + wake and mixing layer + jet) three-dimensionality
stabilizes the ﬂow in agreement with Squire’s theorem.
Figures 16 through 19 show comparisons of ampliﬁcation rates for diﬀerent combinations of gas mixtures, mixing
layers, jets and wakes. Figure 16, for β = 0.0 shows that the O2 H2 mixing layer is more stable than the O2 O2 mixing
layer due to the diﬀusive eﬀect the H2 stream has on the base ﬂow proﬁles shown in Fig. 9. Considering the single
species O2 mixing layer, the O2 jet has a destabilizing eﬀect as expected, but the H2 jet stabilizes the O2 O2 mixing
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Mixing layer.
Mixing layer + jet.
Mixing layer + wake.
Fig. 4. Vorticity distribution.
Fig. 5. Base ﬂow density. Fig. 6. Base ﬂow velocity.
layer due to that same base ﬂow spreading eﬀect. Further investigation of this unexpected eﬀect are necessary, but the
density, temperature and mass fraction proﬁles shown in Figs 20, 21 and 22 have to be taken into account also.
The same trends are observed for other spanwise wave numbers in Fig. 17 through 19 but the stabilizing eﬀect of
threedimensionality is observed.
4. Conclusions
The eﬀect of wakes and jets on the stability of mixing layers has been investigated both using direct numerical
simulation and linear stability analysis. The direct numerical simulation results considered only two-dimensional
disturbances of a single species free shear layer with base ﬂow given by canonical proﬁles and the Crocco-Busemann
relation for the temperature. The linear stability analysis considered three-dimensional disturbances on a binary free
shear layer for which the base ﬂow was computed through a boundary layer code. The results show the stability and
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Fig. 7. Base ﬂow temperature. Fig. 8. Base ﬂow mass fraction.
Fig. 9. Base ﬂow O2 O2 mixing layer compared to a O2 H2
mixing layer.
Fig. 10. Base ﬂow O2 O2 mixing layer with a O2 jet or a H2 jet.
Fig. 11. O2 H2 mixing layer. Fig. 12. O2 O2 mixing layer.
topology characteristics of the complex free shear layer, which is more unstable than the simple mixing layer. Three-
dimensional disturbances eﬀects decay faster in complex free shear layers as the three-dimensionality increases, but
still more unstable than the simple mixing layer. The eﬀect of wakes and jets on the topology are also signiﬁcant and
result in stronger instabilities.
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Fig. 13. O2 O2 mixing layer + H2 jet. Fig. 14. O2 O2 mixing layer + O2 jet.
Fig. 15. O2 H2 mixing layer + wake.
Fig. 16. Growth rate versus frequency for diﬀerent base ﬂows.
β = 0.0.
Fig. 17. Growth rate versus frequency for diﬀerent base ﬂows.
β = 0.5.
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Fig. 18. O2 H2 mixing layer + H2 jet β = 1.0.
Fig. 19. Growth rate versus frequency for diﬀerent base ﬂows.
β = 1.5.
Fig. 20. O2 O2 mixing layer + jet.
Density distribution.
Fig. 21. O2 O2 mixing layer + jet.
Temperature distribution.
Fig. 22. O2 O2 mixing layer + jet.
Mass fraction distribution.
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